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3D Computer Vision

EPIPOLARGEOMETRIE
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Back to stereo
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« Where do epipolar lines come from?
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Two-view geometry

« Where do epipolar lines come from?

r 3D point lies
somewhere along r

epipolar line
epipolar line

epipolar plane

. I
Image 1 Image 2
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Fundamental matrix

epipolar line
epipolar line

.
Image 1 Image 2

This epipolar geometry of two views is described by a very special
3x3 matrix F' , called the fundamental matrix

F maps (homogeneous) points in image 1 to lines in image 2!
The epipolar line (in image 2) of point p is: Fp

Epipolar constraint on corresponding points: ¢ Fp = 0
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Epipolar constraint

« Valid for all corresponding point pairs (p, q)

=0 J &
F p = 0O«
scalar value

3x3 matrix

qT

homogeneous image
coordinates
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Reminder: Point and line duality

— A line l is a homogeneous 3-vector
— It is L to every point (ray) p on the line: I'p=0

\ &

What is the line | spanned by What is the intersection of two
points p; and p,? lines l; and 1,7
lisltopjandp, = |=p1xp; e pisltolyjandl; = p=1Ixl,

« | can be interpreted as a plane normal

Points and lines are dual in projective space
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Epipolar constraint

* If points p and g correspond, then q lies on the epipolar
line I' = Fp corresponding to the point q.

* In other words 0 = q'l' = g'"Fp.

« Conversely, if image points satisfy the relation q''Fp = 0

then the rays defined by these points are coplanar, which
IS @ necessary condition forr points to correspond.

epipolar line Multiple View
Geometry
in computer vision

epipolar line

Image 2
From Hartley and Zisserman's "Bible": Multiple View Geometry in Computer Vision

10
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http://www.robots.ox.ac.uk/~vgg/hzbook/index.html
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Fundamental matrix

epipolar line

epipolar line (projection of ray)

« Two special points: e; and e, (the epipoles): projection of one
camera into the other
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Fundamental matrix
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« Two special points: e; and e, (the epipoles): projection of one
camera into the other

« All of the epipolar lines in an image pass through the epipole
« Epipoles may or may not be inside the image
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Epipoles

* If the epipoles are inside the image — what is visible in
both images if they are taken at the same moment?
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W' Bildverarbeitung und Computergrafik So5e2022 ? X

Epipolar

Left image Right image

Drop zone: Left

Drop zone: Right

[Recompuhe Fundamental matrix]

Rectify images

Clear images

Show corresponding features

Show all epilines
() left points
() right points

© all epilines

Prof. Uwe Hahne




sy HFU @
. <
Epipoles

* Given those two images:

Where are the epipolar lines?
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Epilines

Prof. Uwe Hahne




Epipoles
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camera 1 in front

camera centers

both epipoles are

/ inside the image

camera 2 behind

Image from koubiak posted at https://answers.opencv.org/question/17912/location-of-epipole/
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https://answers.opencv.org/question/17912/location-of-epipole/
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Properties of the Fundamental Matrix

F'p is the epipolar line associated withp

FTq is the epipolar line associated with q

Fe, =0 and Fle, =0

F isrank 2

F' has 9 values, but only defined up to a scale factor* and as the
determinant is zero, 7 degrees of freedom remain.

*q'Fp = 0 = q'kFp € k as a scale factor
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Fundamental matrix

* Why does F exist?
* Let's derive it...
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Fundamental matrix — calibrated case

Kl - intrinsics of camera 1 K2 : intrinsics of camera 2

R :rotation of iImage 2 w.r.t. camera 1

: ray through p in camera 1's (and world) coordinate system

KI
K,

P
q

P
: ray through q in camera 2's coordinate system
q y g
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Fundamental matrix — calibrated case

p, R'q ,and t are coplanar
 epipolar plane can be represented as with its normalt x p

(R"@)" (txp)=0
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Cross-product as linear operator

Useful fact: Cross product with a vector t can be
represented as multiplication with a (skew-symmetric) 3x3

matrix
0 —t, t,
t],, = t, 0 —t,
| ly t 0
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Fundamental matrix — calibrated case

« One more substitution:
— Cross product with t (on left) can be represented as a 3x3 matrix

0 —t. ¢, ) 3
t, =] t. 0 —t txp=1|t], p
Ly e O
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Fundamental matrix — calibrated case

: ray through p in camera 1's (and world) coordinate system

P
g :raythrough qin camera 2’'s coordinate system

~T ~
a R[t],p=0 _,__
H,:; qTEp:O

E << the Essential matrix
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Fundamental matrix — uncalibrated case

0 t

Kl : intrinsics of camera 1 K2 : intrinsics of camera 2

R : rotation of image 2 w.r.t. camera 1

qa' K; 'R[t], Ki'p=0
|

F' €—— the Fundamental matrix
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Rectified case

e
\VARV/

t

0 0 0
R =15.3
) ;s E=|00 -1
t=[1 0 0] 01 o
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Stereo image rectification

* reproject image planes
onto a common plane

— plane parallel to the line between optical
centers

« pixel motion is horizontal
after this transformation

« two homographies, one for
each input image
reprojection

e Various realizations:

— C. Loop and Z. Zhang. Computing
Rectifying Homographies for Stereo
Vision. CVPR 1999.

— OpenCV implements: Richard | Hartley.
Theory and practice of projective
rectification. International Journal of
Computer Vision, 35(2):115-127, 1999.
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http://research.microsoft.com/~zhang/Papers/TR99-21.pdf
http://research.microsoft.com/~zhang/Papers/TR99-21.pdf
http://research.microsoft.com/~zhang/Papers/TR99-21.pdf
http://www.cs.ait.ac.th/~mdailey/cvreadings/Hartley-Rectify.pdf
http://www.cs.ait.ac.th/~mdailey/cvreadings/Hartley-Rectify.pdf

Rectification example
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Rectification demo

Left image Right image

Left image Right image
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Estimating F

 If we don't know K;, K;, R, or t, can we estimate F for
two Images?

* Yes, given enough correspondences
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Estimating F

The fundamental matrix F is defined by x''Fx = 0 for any
pair of matches x and x' in two images.

-fll f12 f13-
Let x=(u,v, )T and X'=(w'v:1)T, F=1fo1 fo2 [o3

f31 fz2 fs3

each match gives a linear equation

uu'fi1 +vu'fi, +u'fis Huv'fo, + Vo V' oz +ufz; +vf3 + f33 =0
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Estimating F using 8-points

f11]
fi2
fi3

U Uy ViU Uy uqvy vy vy uy vy 17 [;
4 4 7 Vd I d 7 21
UaUp  VoUp Uy UV VUV VU Uy D oy

oo H

. f23
Yt
f32
-f33-

-un un ’ vn un ' un ’ un vn ’ vn le ’ vn ’ un le

Like with homographies, instead of solving Af = 0, we
seek f to minimize ||Af||, least eigenvector of ATA .
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Reminder: Least squares

At=D

Find t so that ||At — sz

IS minimized.

Define the normal equations
A'At=A"Db
t=(ATA) " ATb

https://de.wikipedia.org/wiki/Methode der kleinsten Quadrate#L%C3%B6sung des
Minimierungsproblems
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https://de.wikipedia.org/wiki/Methode_der_kleinsten_Quadrate
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Reminder: Eigenvector

We want Af as close to 0 as possible and ||f||? = 1:

mfin |Af||? such that [|f||* = 1

Constrained linear least squares problem

Known from homographies (GDV):
We know that:

|Ah||? = (Ah)"(Ah) = hTATAh and |h|?=h"h =1

mhin(hTATAh) such that h"h =1

Define Loss function L(h, A):

L(h,A) = hTATAh — A(hTh — 1)
Taking derivatives of L(h,2) w.rt h: 24ATAh —-2i2h =0

tATAh = Ah Eigenvalue Problem

Eigenvector h with smallest eigenvalue A of matrix AT A
minimizes the loss function L(h). From https://fpcv.cs.columbia.edu/
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8-point algorithm

 F should have rank 2

« To enforce that F is of rank 2, F is replaced by F’ that
minimizes ||[F — F’|| subject to the rank constraint.

« This is achieved by SVD. Let F =UZV'  where
01 0 0 01 0 0
z:[o o, o‘, let Z'=[o o, 0]

0 0 oy 0 0 O

then F =uxvT isthe solution (closest rank-2 matrix to F)
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8-point algorithm

% Build the constraint matrix

A= [x2(1,:)".*x1(1,:)" x2(1,:)".*x1(2,:)" X2 (1,:)"
X2(2,:)".*x1(1, )" X2(2,:)".*x1(2,:)" X2(2,:)" .
x1(1,:)" x1(2,:)" ones (npts, 1) ];

[U,D,V] = svd(A);

Extract fundamental matrix from the column of V
corresponding to the smallest singular value.
= reshape(V(:,9),3,3)";

o°© o©

rr

% Enforce rank2 constraint
[U,D,V] = svd(F);
F = U*diag([D(1,1) D(2,2) 0])*V';
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8-point algorithm

* Pros: linear, easy to implement and fast
« Cons: susceptible to noise
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Problem with 8-point algorithm

f117
fi2
fi3

-U1U1, vlu]_, ul, Uuq vl, vlvl, v]_, uq %] 17 f
4 4 7 Vd 4 Vd 21

UrUy VoUy U, 1252 %) 1 %A% (%) U, %) 1 f
. . : . . ; . . . 29

. f23
S
f32
-f33-

UyU,  UpUy, U, UpVy UpU, Uy U, Up
~10000 ~10000 ~100 ~10000 ~10000 ~100 ~100 ~100 1

Orders of magnitude difference
between column of data matrix

— least-squares yields poor results
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Normalized 8-point algorithm

normalized least squares yields good results
Transform image to ~[-1,1]x[-1,1]

(0,500) (700,500) , (-1,1) (1,1)

(0,0) (700,0) (-1,-1) (1,-1)
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Normalized 8-point algorithm

* Transform input by &, =Tx; , %] = Tx]
« Call 8-point on %;,%X{ to obtain F
e F=TTFT

x'TFx = 0

/ \
X s

v
F
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Normalized 8-point algorithm

[x1, Tl] = normaliseZdpts (x1);
[x2, T2] = normaliseZdpts (x2);

A= [x2(1,:)".*x1(1,:)" x2(1,:)".*x1(2,:)" X2 (1,:)"
X2(2,:)".*x1(1, )" xX2(2,:)".*x1(2, )" X2(2,:)" ..
x1(1,:)" x1(2,:)" ones (npts, 1) ];

[U,D,V] = svd(A);
F = reshape(V(:,9),3,3)";

[U,D,V] = svd(F);
F = U*diag([D(1,1) D(2,2) Q0])*V';

% Denormalise
F = T2"*F*T1;
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Results (ground truth)

m Ground truth with standard stereo calibration
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Results (ground truth)

m 8-point algorithm
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Results (normalized 8-point algorithm)

B Normalized 8-point algorithm
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What about more than two views?

* The geometry of three views is described by a 3 x 3 x 3
tensor called the trifocal tensor

* The geometry of four views is described bya3 x3x3x3
tensor called the quadrifocal tensor

 After this it starts to get complicated...so usually
numerical solutions are implemented.
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