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« Book:
— Computer Vision: Algorithms and Applications, Richard Szeliski = In
the 2nd Edition Chapter 11, available at http://szeliski.org/book
* Slides:

— Introduction to Computer Vision, CS5670, Spring 2022, Cornell Tech -
Noah Snavely and others: Yung-Yu Chuang, Fredo Durand, Alexei
Efros, William Freeman, James Hays, Svetlana Lazebnik, Andrej
Karpathy, Fei-Fei Li, Srinivasa Narasimhan, Silvio Savarese, Steve Seitz,
Richard Szeliski, and Li Zhang.

* Most slides are copied from there.

* Videos:

— Shree Nayar: https://fpcv.cs.columbia.edu/ - Today: a summary of the
Reconstruction Il = Structure from Motion series
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Reminder: multi-view stereo

Problem formulation: given several images of the
same object or scene, compute a representation of its
3D shape
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Structure from motion

 Multi-view stereo assumes that cameras are calibrated
— Extrinsics and intrinsics are known for all views

« How do we compute calibration if we don’t know it? In
general, this is called structure from motion
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Large-scale structure from motion

Dubrovnik, Croatia. 4,619 images (out of an initial 57,845). et
Total reconstruction time: 23 hours
Number of cores: 352

From ,Building Rome in a day”
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Two views

e Solve for Fundamental matrix / Essential matrix
e Factorize into intrinsics, rotation, and translation
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What about more than two views?

e The geometry of three views is described by a 3 x 3 x 3
tensor called the trifocal tensor

« The geometry of four views is described by a 3 x 3 x 3 x
3 tensor called the quadrifocal tensor

o After this it starts to get complicated...

— Instead, we explicitly solve for camera poses and scene
geometry

Prof. Uwe Hahne 8
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Structure from motion

« Given many images, how can we

a) figure out where they were all taken from?
b) build a 3D model of the scene?

This is the structure from motion (SfM) problem

Prof. Uwe Hahne 9
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Reconstruction (side)
(top)

* Input: images with 2D points in correspondence
P = (uij/ Vij)

* Output
* structure: 3D location x, for each point p,
« motion: camera parameters R;, t; & possibly K;

 Objective function: minimize reprojection error
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Also doable from video

ORB_SLANZ viswalisatica
érag - rotate
scroll - injout
left/right - frame
Wp/down -~ sequence
f - frusta

4qkKCuYEgQY4 - 5 tracked soquences

2 - 2008
space - animate

e,

1d: 4QRNCUTEGYS sequence: 4 / 3

time: 143.60s - 147.73s
tracked frames: 100 map points: 66562

frame at 147.69s (147689211ps):
o points
field of view: x«79.89, y=30.45
wissoothoess: 0,01

Prof. Uwe Hahne
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What we’ve seen so far...

2D transformations between images
— Translations, affine transformations, homographies...

e Fundamental matrices

— Represent relationships between 2D images in the form of
corresponding 2D lines

« What's new: Explicitly representing 3D geometry of
cameras and polnts
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Triangulation & camera calibration

« Suppose we have known camera parameters, each
of which observes a point
— How can we compute the 3D location of that point?
— This is called triangulation (known since ancient times)

Liu Hui (c. 263), How to

measure the height of a sea

* On the other hand: Suppose we have known 3D
points
— And have matches between these points and an

island.

a; € ]Rg P
7~
-

-

image
— How can we compute the camera parameters? = o - \<
— This is called camera calibration (or camera
resectioning) -.l <1
https://arxiv.org/abs/2003.04626
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Structure from motion

« What if we don’t know 3D points or camera parameters?
« StM solves both of these problems at once

* A kind of chicken-and-egg problem
— (but solvable)

Next: Classic approach using an assumption that simplifies the
problem.

Afterwards: Extended approaches...

Prof. Uwe Hahne 14



Orthographic Structure from Motion

p =1,2,..,N Points

Frame F

Frame 1
Frame f
Given sets of corresponding image points (2D): (uf,p,vf,p)
Find scene points (3D) B,, assuming orthographic camera.
[Tomasi 1992]

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 15



https://fpcv.cs.columbia.edu/

Orthographic Structure from Motion

p =1,2,..,N Points

Frame F

Frame 1
Frame f
Given sets of corresponding image points (2D): (uf,p,vf,p)
Find scene points (3D) P,, assuming orthographic camera.
[Tomasi 1992]

Image from Shree Nayar FPCV videos
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From 3D to 2D: Orthographic Projection

Scene

Xy
World

: wCoordinate
/ Frame W
I

mage Plane

u=i'x, =if(x, —¢c,) =i’ (P - C)

V= iTxc = iT(xw - Cw) = iT(P - C)

u=i'(P-C)
v=j’(P-C)

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 17



https://fpcv.cs.columbia.edu/

Orthographic SFM

p =1,2,..,N Points

Frames
urp = ir (B — Cp)
_ ;T
Vip = I (B — Cf)
Known Unknown
We can remove Cf from equations to simply SFM problem.

Image of point B, in camera frame f:

Image from Shree Nayar FPCV videos
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Centering Trick

3D centroid yT’. ™ Frame f
i |

B

G

Assume origin of world at centroid of scene points:
%=P=%

We will compute scene points w.r.t their centroid!

Image from Shree Nayar FPCV videos
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Centering Trick

3D centroid _*f— g Frame f
P /

2D centroid (i, 7

c

Centroid (@, 7;) of the image points in frame f:

N N
. 1 T
Vpi= ﬁz Vrp = ﬁz ir (B — Cp)
p=1 p=1

Image from Shree Nayar FPCV videos
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Centering Trick

3D centroid _*f— g Frame f
// e |P /

2D centroid (i, )

Shift camera origin to the centroid (i, 7).
Image points w.r.t. (i, 7):
Urp = Urp — Us Ui = i =

if (P, — Cp) — =Jr (B — Cp) = Jr Gy
Uy = iy Prp = irhp

Camera locations ¢, now removed from equations.

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 21
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Observation Matrix W

iT
f
Jf

- T .
Urp = Ip B :> luf,pl _
) U
fp

- _.T
Urp = rhp

Image from Shree Nayar FPCV videos
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Observation Matrix W

. T
Urp = I :D ufp
~ pr [ ]

Upp = lfP

Point 1 Point 2 Point N

—ul‘l ul'z ul,N

uz‘l uZ’z uz'N

Point 1 Point 2 Point N

[P Py . Pyl

S3xN

Scene Structure
(Unknown)

WZFXN

Centroid-Subtracted Camera Motion
Feature Points (Known) (Unknown)

Image from Shree Nayar FPCV videos
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Observation Matrix W

Point 1
[Uq,1
Uz 1

Ur1
V11
Uz1

L VF1

Point 2
Uq2
Uz 2
Ur 2
V1,2

Uz 2

VE 2

WZFXN

Point N

Ui N
Uz N

Up N
V1N
U2 N

VN

Centroid-Subtracted
Feature Points (Known)

Prof. Uwe Hahne
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Point 1 Point 2 Point N

[Py P, . Pyl

SBXN

Scene Structure
(Unknown)

Camera Motion
(Unknown)

Can we find M and S from wW?

Image from Shree Nayar FPCV videos

24


https://fpcv.cs.columbia.edu/

Important Properties of Matrix Rank

e Rank(AT) = Rank(A)

o Rank(AmxnBnxp) = min (Rank(Amxn):Rank(BnXp))

< min(m,n,p)

e Rank(AAT) = Rank(ATA) = Rank(AT) = Rank(A)

e A, xm isinvertible iff Rank(Axm) = M .

MAJH PRIMER
_
Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 25



https://fpcv.cs.columbia.edu/

Rank of Observation Matrix

W = M XS

2FXN 2F X3 3XN

We know:

Rank(MS) < Rank(M) Rank(MS) < Rank(S)

[—> Rank(MS) < min(3,2F)  Rank(MS) < min(3,N)

—> Rank(W) = Rank(MS) < min(3, N, 2F)

Rank Theorem: Rank(W) < 3

[Tomasi 1992]

Image from Shree Nayar FPCV videos
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Singular Value Decomposition (SVD)

For any matrix A there exists a factorization:

i
AMxN = UMxM ’ 2:M><N -V NXN

where U and VT are orthonormal and X is diagonal.
MATLAB: [U,S,V] = svd (A)

\

0

Georg-Johann, CC BY-SA 3.0
O <https://creativecommons.org/licenses/by-sa/3.0>,
via Wikimedia Commons

¥ _ gy, ...,0y+ Singular Values
MXN —

\. : : . .J

If Rank(A) = r then A has r non-zero singular values.

MATH PRIMER

Image from Shree Nayar FPCV videos
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Enforcing Rank Constraint

Using SVD: W= UuxyT

G -

(=) (=) (=) (=) =) (=
=) (=) (=) (=) =) (=

2FX2F 2FXN
Since Rank(W) < 3, Rank(X) < 3.

All except first 3 diagonal elements of £ must be 0.

Prof. Uwe Hahne

Image from Shree Nayar FPCV videos
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Enforcing Rank Constraint

Using SVD: W =

7 r

U, U,

/
ZEe=43

PSR 2FXN

Since Rank(W) < 3, Rank(X) < 3.

Submatrices U,and V) do not contribute to w.

Image from Shree Nayar FPCV videos
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Enforcing Rank Constraint

Using SVD: W =

G G

w=u; £, VI
(2Fx3)(3%3)(3%xP)

Image from Shree Nayar FPCV videos
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Factorization (Finding M, S)

W= vy @)V (G

(2Fx3) (3XN)

= M? =57

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 31
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Factorization (Finding M, S)

v, o

(2Fx3) (3XN)

= M? = 57
Not so fast. Decomposition not unique!

For any 3x3 non-singular matrix Q:

W = [ _ is also valid.

(2Fx3) (3xN)
=M = G ... for some Q.

How to find the matrix Q ?

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 32



https://fpcv.cs.columbia.edu/

Orthonormality of M

The Motion Matrix M:

il i i@y

i.g 1/2 .. /i\}:':
= Ul (zl) Q =z ’]\TQ
il

=T
J1
. Computed

- e bFol

Computed

Orthonormality Constraints:

A

i i = ifiy =1 17007, =1
irir=ifr=1| m) jFQm; =1

ip - jy = ifjp = 0 i70Q"j; =0

Image from Shree Nayar FPCV videos
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Orthonormality of M

- We have computed (if,j7) for f =1,...,F.
ifQQ™, =1

700"y =1 > Q is unknown.

i7QQTj; =0 )

« 0 is 3x3 matrix, 9 variables, 3F quadratic equations.

* ) can be solved with 3 or more images (F > 3) using
Newton’s method.

Final Solution:

M= U (£,)'/%Q S =Q tE)V*Vf

Camera Motion Scene Structure

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 34
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Summary: Orthographic SFM

. Detect and track feature points.

. Create the centroid subtracted matrix W of

corresponding feature points.
. Compute SVD of W and enforce rank constraint.

WA=l =Rl
(2Fx3) (3x3) (3xP)

. Set M = U; (£))?Q and S = Q~1(2)/2V].

. Find Q by enforcing the orthonormality constraint.

[Tomasi 1992]

Image from Shree Nayar FPCV videos

Prof. Uwe Hahne 35
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Results from 1992

* Input

60

120 150
(a)
Fig. 2a. The “Hotel” stream: four of the 150 frames.

Image from [Tomasi1992]

Prof. Uwe Hahne 36
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\)/
Results from 1992

 Resulting 3D reconstruction and new viewpoint rendering

.,':_'
P
l!v “a
. .‘..
‘n LY ..o".
T iy
1 . Ce® ;‘ :; t
i * i/
~ : o5t
‘”.. ,;"'.'-".
. .c.‘ v .* " 's¢
) Te ’ .:i.
}.:' e o
e S e
. .':- ., ~;€'
- .: -)\'
- .-'h )
@

Fig. 4. Qualitative shape results for the “Hotel” stream: top view of the (2) computed and (b) actual shape.
Image from [Tomasi1992]
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More modern results: Photo Tourism

Photo Tourism
Exploring photo collections in 3D

Noah Snavely Steven M. Seitz Richard Szeliski

Uniwversity of Washington Microsoft Research

SIGGRAPH 2006

Prof. Uwe Hahne 38
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First step: how to get correspondence?

 Feature detection and matching

v | -, || -

‘ Feature detection
Ay .. .

., Feature matching
A - | .

Prof. Uwe Hahne 39



i HFU o)
. <
Feature detection

Detect features using SIFT [Lowe, IJCV 2004]

Prof. Uwe Hahne 40
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Feature detection

Detect features using SIFT [Lowe, IJCV 2004]

Prof. Uwe Hahne |


https://www.youtube.com/watch?v=4AvTMVD9ig0

s HFU o)
Video: Feature Detection

https://www.youtube.com/watch?v=4AvTMVD9ig0

Histograms of

_ the gradients
* PN W B
B Courtesy of Gil Levi

See also:
https://gilscvblog.com/2013/08/18/a-short-introduction-to-descriptors/

SIFT - 5 Minutes with Cyrill

Prof. Uwe Hahne 42
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Feature matching

Match features between each pair of images

Prof. Uwe Hahne 43
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How to measure the difference between f; and f,, f;or f,?
* A simple approach: L,-distance, || %¢, - %¢,|| (aka SSD)*

*Attention: It is about the distance of the feature
vectors (so for SIFT a 128 dimensional space)

- 4 12 17
Xr, = (X1, X5, ) Xpy

> eI nr
Xf, = (x{" x5, e, X))

Prof. Uwe Hahne 44
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Feature distance «Z

How to measure the difference between f; and f,?
* A simple approach: L,-distance, || X¢, - %¢,|| (aka SSD)

Lo-distance: ||%; — % || = /Crr — 2% + (xa — x3)% + -+ + (x5, — x7,)?

Prof. Uwe Hahne 45
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Feature distance «Z

How to measure the difference between f; and f,, f;or f,?
* A simple approach: L,-distance, || X¢, - %¢,|| (aka SSD)

Which L,-distance is the smallest?
X L, (fy,f;) = ffl - ffz

X Ly(f1,f3) = || X, — %,
L,(f, fy) = ffl - £f4 \/

Prof. Uwe Hahne 46
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Feature distance

Attention: this can result in small distances for ambiguous
(false) matches

Prof. Uwe Hahne 47
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Feature distance

* Better approach: ratio distance = || f1 -2 || /|| f1 - f2' ||

— f2 is the best SSD match to f1in I2
— f2" is the 2nd best SSD match to f1in 12
— gives large values for ambiguous matches

Prof. Uwe Hahne 48
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Feature matching

Refine matching using RANSAC to estimate fundamental matrix
between each pair

Prof. Uwe Hahne 49
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Correspondence estimation

* Link up pairwise matches to form connected components
of matches across several images

Prof. Uwe Hahne 51
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Input to Structure from Motion

o || - || -

‘ Feature detection
Ay el ".

‘ Feature matching
S o 0o o

Prof. Uwe Hahne 52
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Structure from motion

X minimize

g(R, T, X)

non-linear least squares

7 ep.€
/ N
N
N
p
/ (@)
/ e
Camera 1 Camera 3
Ryt Camera 2 USHE
R2, tZ

Prof. Uwe Hahne 53
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Problem size

What are the variables?

— Cameras and points

How many variables per camera?
— 6 (if calibrated), more if uncalibrated
How many variables per point?
-3

Trevi Fountain collection

466 input photos
+ > 100,000 3D points
= very large optimization problem

Prof. Uwe Hahne 54
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Structure from motion

* Minimize sum of squared reprojection errors:

IX,RT) = ZEWU ‘P(Xl' )_ [vl,]”

=1 j=1tx
predtcted observed
‘1' image location image location
(ndicator variable:
is point ( visible in image j ?

* Minimizing this function is called bundle adjustment

— Optimized using non-linear least squares, e.g. Levenberg-
Marquardt algorithm

Prof. Uwe Hahne 55
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Is SfM always uniquely solvable?

 No...

N
\

A
N
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Incremental structure from motion
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Complete SfM pipeline

N —4

Correspondence Search

Matching
L\

Geometric Verification

Incremental Reconstruction

- Initialization -1
1

Image Registration Outlier Filtering

Triangulation Bundle Adjustment

Reconstruction

angle histogram

Image gradients

Prof. Uwe Hahne
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[images from Hays2018, Szeliski2020 and Schénberger2016]



https://colmap.github.io/tutorial.html
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Incremental structure from motion

Video from Noah Snavely: 3D OId City of Dubrovnik

Prof. Uwe Hahne 60


https://www.youtube.com/watch?v=mUhYJnd1TqE

_ _ i HFU o)
BigSFM: Reconstructing the =

World from Internet Photos

Images from https://www.cs.cornell.edu/projects/bigsfm/ check the site for more results.

Prof. Uwe Hahne
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SfM - Failure cases

 Necker reversal

WMWYV A4 gy ;
\\§\\ ///e{/ "iﬁ: .

\\, / /ﬁpﬂﬂ"’““'\D\
Nw w8 oa T

=z
i 2,
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Structure from Motion - Failure cases

 Repetitive structures: Symmetries in man-made scenes

Prof. Uwe Hahne 63
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SfM applications

3D modeling
Surveying
Robot navigation and mapmaking

Virtual and augmented reality

Visual effects (“Match moving”)
— https://www.youtube.com/watch?v=RdYWp70P_kY

Prof. Uwe Hahne 64
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SfM implementations

COLMAP

e The scientific standard (foss):
https.//colmap.qgithub.io/

 Agisoft Metashape:
https.//www.agisoft.com/features/professional-edition/

— Licenses available at HFU

Processing of various types of imagery: aerial

(nadir, oblique), close-range, satellite.

Auto calibration: frame (incl. fisheye), spherical
& cylindrical cameras.

Multi-camera projects support.

Scanned images with fiducial marks support.

see more at https://tu-dresden.de/ Photogrammetrie

Prof. Uwe Hahne 65


https://colmap.github.io/
https://www.agisoft.com/features/professional-edition/
https://tu-dresden.de/bu/umwelt/geo/ipf/photogrammetrie/studium/materialien/software?set_language=en

HOCHSCHULE
FURTWANGEN ‘ H FU .
UNIVERSITY

Applications: Virtual Reality & \ 4
Augmented Reality

Oculus Hololens
https://www.youtube.com/watch?v=KOG7yTz1iTA https://www.youtube.com/watch?v=FMtvrTGnP04

Prof. Uwe Hahne 67
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&
Application: AR walking directions

* Feature based localization = ARCore 2022

Richte deine Kamera auf
Gebaude und Schilder an der

Prof. Uwe Hahne 69
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New trends

« GLOMAP

— Improvement of COLMAP

HOCHSCHULE
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Input Images

Correspondence Search

Feature Extraction
Matching
Two-view Estimation
View Graph Calibration

Relative Pose Decomposition

Global Estimation

Rotation Averaging

Global Positioning

Bundle Adjustment

Structure Refinement

Output Reconstruction
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https://lpanaf.github.io/eccv24_glomap/

HOCHSCHULE

e HFU @
<
New trends

Dust3r and Mast3r (Naver Labs)

—the idea: do not start from scratch for each scene
— using large visual foundation models (similar to
DepthAnything)

VGGT (Oxford + Meta Al)

* More to be explored in the next workshop.
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https://europe.naverlabs.com/research/publications/dust3r-geometric-3d-vision-made-easy/
https://europe.naverlabs.com/blog/mast3r-matching-and-stereo-3d-reconstruction/
https://vgg-t.github.io/

